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Text. For each positive integer m, let σA(n) = {(a,a′) ∈ A2: a +
a′ = n}, δA(n) = {(a,a′) ∈ A2: a − a′ = n}, where n ∈ Zm and A
is a subset of Zm . Recently Chen proved that for each positive
integer m, there exists a set A ⊆ Zm such that A + A = Zm and
σA(n) 288 for any n ∈ Zm . In this paper, the following results are
proved: (i) for each positive integer m, there exists a set A ⊆ Zm
such that Zm = A − A and δA(n) 7 for all n ∈ Zm with at most
3 exceptions; (ii) for each positive integer m, there exists a set
A′ ⊆ Zm with A′ + A′ = Zm and A′ − A′ = Zm such that σA′ (n) 26
and δA′ (n) 24 for all n ∈ Zm with at most 3 exceptions.
Video. For a video summary of this paper, please click here or
visit http://www.youtube.com/watch?v=GfZ07Fg5qXE.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let N be the set of all nonnegative integers. Given a set A ⊆ N, let σA(n) denote the number of
ordered pairs (a,a′) ∈ A2 such that a + a′ = n, δA(n) denote the number of ordered pairs (a,a′) ∈ A2
such that a − a′ = n. The celebrated Erdo˝s–Turán conjecture states that if A ⊆ N such that σA(n) 1
for all suﬃciently large n, then the representation function σA(n) must be unbounded, which inspired
many mathematician’s attention and interest. In 1990, Ruzsa [3] constructed a basis A for which the
number of representations n = a + a′ , a,a′ ∈ A is bounded in the square mean.
For a positive integer m, let Zm be the set of residue classes mod m. For A ⊆ Zm and n ∈ Zm , let
σA(n) = {(a,a′) ∈ A2: a + a′ = n}, δA(n) = {(a,a′) ∈ A2: a − a′ = n}. By employing Ruzsa’s method,
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A + A = Zm and σA(n) 5120 for any n ∈ Zm . Chen [1] improved the upper bound to 288. Although
the modulo m problem is motivated by the Erdo˝s–Turán conjecture, we ﬁnd no relationship between
them.
A is called a difference basis of order two of Zm if δA(n) 1 for all n ∈ Zm . A is called a bi-basis
of order two of Zm if σA(n) 1 and δA(n) 1 for all n ∈ Zm . A is called symmetric if a ∈ A implies
that −a ∈ A.
In this paper, we obtain the following results:
Theorem 1. For any positive integer m, there exists a difference basis A of Zm such that δA(n)  7 for all
n ∈ Zm with at most 3 exceptions.
Remark 1. Let m be a positive integer, l be the least prime power with m < l2 + l + 1 and r = l2 + l +
1 −m. By the proof of Theorem 1 there exists a difference basis A of Zm such that δA(n) 7 for all
n ∈ Zm except for n = 0,±r.
Theorem 2. For any positive integer m, there exists a bi-basis A′ of Zm such that σA′ (n) 26 and δA′ (n) 24
for all n ∈ Zm with at most 3 exceptions.
Remark 2. Let r be as in Remark 1. By the proof of Theorem 2 there exists a bi-basis A′ of Zm such
that σA′ (n) 26 and δA′ (n) 24 for all n ∈ Zm except for n = 0,±r.
We pose the following question and conjectures:
Question 1. Is there a constant ρ > 1 and a sequence {ak}∞k=1 such that for any positive integer m
there exists a tm with 1 σAtm (n) ρ for all n ∈ Zm and 1 δAtm (n) ρ for all n ∈ Zm , n = 0, where
Atm = {ak}tmk=1?
Conjecture 1. There exists a constant τ > 1 such that for any positive integer m there is a bi-basis A such that
1 σA(n) τ for all n ∈ Zm and 1 δA(n) τ for all n ∈ Zm, n = 0.
Conjecture 2. There exists a constant τ ′ > 1 such that for any positive integer m there is a symmetric bi-basis
A such that with 1 σA(n) = δA(n) τ ′ for all n ∈ Zm, n = 0.
2. Proofs of theorems
Lemma 1. (See [4, Singer’s Theorem].) If l is a prime power, then there exists A ⊆ Zl2+l+1 such that δA(n) = 1
for all n ∈ Zl2+l+1 , n = 0.
Remark 3. Let A1 = A ∪ (−A), where A and l be as in Lemma 1. It is easy to see that 1 σA1 (n) =
δA1 (n) 6 for all n ∈ Zl2+l+1, n = 0.
Lemma 2. Let m ∈ N and let l be a prime power with m < l2 + l+ 1< 32m. Then there exists B ⊆ Zm such that
Zm = B − B and δB(n) 7 for all n ∈ Zm except for n = 0, r, −r, where l2 + l + 1 =m + r.
Proof. By Lemma 1, there exists A ⊆ Zl2+l+1 with δA(n) = 1 for any n ∈ Zl2+l+1 except for n = 0. We
assume that if a ∈ A, then 0 a l2 + l. Since m < l2 + l + 1 < 32m, we have 0 < r < 12m. Let
B = A ∪ {a − r | a ∈ A, a > r},
B = {b ∣∣ b ≡ b (modm), 0 bm − 1, b ∈ B}.
718 Y.-G. Chen, T. Sun / Journal of Number Theory 130 (2010) 716–726For 0 nm− 1 < l2 + l + 1 there exist a,b ∈ A such that n ≡ a− b (mod l2 + l + 1). Since −l2 − l
a − b  l2 + l, we have n = a − b or n − l2 − l − 1 = a − b. That is n = a − b or n −m = a − (b − r). If
n −m = a − (b − r), then by n −m < 0 and a  0 we have b > r. Therefore n −m = a − (b − r) with
a ∈ B , b − r ∈ B . Hence δB(n) 1.
Now we consider the upper bound of δB(n). For any n ∈ Zm with 0 nm− 1, n = 0, r,m− r, we
assume that
n ≡ b1 − b2 (modm), b1,b2 ∈ B.
Then












































(a1,a2) ∈ A2: n + km = a1 − a2
}
+ {(a1,a2) ∈ A2: n + km = a1 − a2, a1 > r, a2 > r}
+ {(a1,a2) ∈ A2: n + km −m − r = a1 − a2, a2 > r}
+ {(a1,a2) ∈ A2: n + km +m + r = a1 − a2, a1 > r}.








0, n <m − r,
1, n >m − r,
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{
(a1,a2) ∈ A2: n − 2m = a1 − a2
}
+ {(a1,a2) ∈ A2: n −m + r = a1 − a2, a1 > r}
 
{
(a1,a2) ∈ A2: n −m + r ≡ a1 − a2
(




(a1,a2) ∈ A2: n + km ≡ a1 − a2
(
mod l2 + l + 1)}
 2, k = −1,0,
U1(n) = 
{
(a1,a2) ∈ A2: n +m = a1 − a2
}
+ {(a1,a2) ∈ A2: n − r = a1 − a2, a2 > r}
 
{
(a1,a2) ∈ A2: n − r ≡ a1 − a2
(








1, n < r,
0, n > r.





This completes the proof of Lemma 2. 
Lemma 3.
(a) For any real number x 127
√
5




(b) For any real number x > 37
√
4




(c) For any real number x > 16
√
2




Proof. By directly calculation we know that Lemma 3 is true for 127
√
5
6  x 10000.








log x− 1+ (log x)−0.5 , for all x 59.
Thus it suﬃces to prove that for x > 10000.



















log x− 1− (log x)−0.5  0.



























It is easy to verify that the inequality is true for x = 10000. Hence the inequality is true for x > 10000.
This completes the proof of the ﬁrst part of Lemma 3. For 37
√
4
5 < x < 127
√
5
6 , by calculation we can
ﬁnd a prime power in the interval (x,
√
5
4 x). For 16
√
2
3 < x  37
√
4
5 , by calculation we can ﬁnd a
prime power in the interval (x,
√
3
2 x). This completes the proof of Lemma 3. 
Proof of Theorem 1. Let A = Zm for m  7; let A = {0,1,8,11,13,15,17} for 8 m  35; let A =
{0,1,8,11,13,15,17,19} for 36 m  38. Then 1  δA(n)  7 for all n ∈ Zm , n = 0 (one can verify














m < l2 + l + 1 < 3
2
m.
For 39  m  182, by calculation we can ﬁnd a prime power l satisfying the above inequality. By
Lemma 1 and Lemma 2 we have completed the proof of Theorem 1. 
Lemma 4. Let m ∈ N and let l be a prime power with m < l2 + l + 1 < 54m. Then there exists a bi-basis B of
Zm such that σB(n) 26 and δB(n) 24 for all n ∈ Zm except for n = 0, r, −r, where l2 + l + 1 =m + r.
Proof. By Lemma 1, there exists A ⊆ Zl2+l+1 with δA(n) = 1 for all n ∈ Zl2+l+1 except for n = 0.
Thus σA(n)  2 for all n ∈ Zl2+l+1. We assume that if a ∈ A ⊆ Zl2+l+1, then 0  a  l2 + l. Since
m < l2 + l + 1 < 54m, we have 0 < r < 14m. Let
B = A ∪ (−A) ∪ {a + r | a ∈ A, a <m},
B = {b ∣∣ b ≡ b (modm), 0 bm − 1, b ∈ B}.
For 0 nm− 1 < l2 + l + 1 there exist a,b ∈ A such that n ≡ a− b (mod l2 + l + 1). Since −l2 − l
a− b  l2 + l, we have n = a− b or n = a− b + l2 + l+ 1. If n = a− b + l2 + l+ 1 = a− b +m+ r, then
by n < m we have a + r < b < m + r. So a < m. Thus n −m = (a + r) + (−b) with a + r ∈ B , −b ∈ B
and b ∈ B . Hence σB(n) 1 and δB(n) 1.
Firstly we prove that σB(n) 26 for all n ∈ Zm except for n = 0, r.
For any n ∈ Zm with 0 nm − 1 and n = 0, r, we assume that
n ≡ b1 + b2 (modm), b1,b2 ∈ B.
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(a1,a2) ∈ A2: n + km = a1 + a2
}
+ {(a1,a2) ∈ A2: n + km − 2m − 2r = a1 + a2, a1 <m, a2 <m}
+ 2{(a1,a2) ∈ A2: n + km −m − r = a1 + a2, a2 <m}
+ {(a1,a2) ∈ A2: n + km − 3m = −a1 − a2}
+ 2{(a1,a2) ∈ A2: n + km − 2m = a1 − a2}
+ 2{(a1,a2) ∈ A2: n + km − 3m − r = a1 − a2, a1 <m}.




(a1,a2) ∈ A2: n = a1 + a2
}
+ {(a1,a2) ∈ A2: n − 3m = −a1 − a2}




2, nm − 2r,
4, m − 2r < nm − r,
6, n >m − r,
L1(n) = 
{
(a1,a2) ∈ A2: n +m = a1 + a2
}
+ {(a1,a2) ∈ A2: n − 2m = −a1 − a2}
+ 2{(a1,a2) ∈ A2: n −m = a1 − a2}
 6, n < r,
Lk(n) 2
{
(a1,a2) ∈ A2: n + km ≡ a1 + a2
(
mod l2 + l + 1)}
+ {(a1,a2) ∈ A2: n + km − 3m = −a1 − a2}
+ 2{(a1,a2) ∈ A2: n + km − 2m ≡ a1 − a2 (mod l2 + l + 1)}
 8, k = 1,2,
L3(n) 2
{
(a1,a2) ∈ A2: n + 2m − r ≡ a1 + a2
(
mod l2 + l + 1)}




(a1,a2) ∈ A2: n +m − 2r = a1 + a2, a1 <m, a2 <m
}
+ 2{(a1,a2) ∈ A2: n − r ≡ a1 − a2 (mod l2 + l + 1)}
 4, n 2r,
L4(n) 
{
(a1,a2) ∈ A2: n + 2m − 2r = a1 + a2, a1 <m, a2 <m
}




4, n < r,
2, r < n < 2r,
0, n 2r.





Secondly we prove that δB(n) 24 for all n ∈ Zm except for n = 0, r, −r.
For any n ∈ Zm with 0 nm − 1 and n = 0, r,m − r, we assume that
n ≡ b1 − b2 (modm), b1,b2 ∈ B.
Then
n + km = b1 − b2, b1,b2 ∈ B, b1 ≡ b1 (modm), b2 ≡ b2 (modm).














































































(a1,a2) ∈ A2: n + km = a1 − a2
}
+ {(a1,a2) ∈ A2: n + km = a1 − a2, a1 <m, a2 <m}
+ {(a1,a2) ∈ A2: n + km +m + r = a1 − a2, a2 <m}
+ {(a1,a2) ∈ A2: n + km −m − r = a1 − a2, a1 <m}
+ {(a1,a2) ∈ A2: n + km +m = a1 + a2}
+ {(a1,a2) ∈ A2: n + km − r = a1 + a2, a1 <m}
+ {(a1,a2) ∈ A2: n + km −m = −a1 − a2}
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(a1,a2) ∈ A2: n − 2m + r = a1 − a2, a2 <m
}




3, n >m − r,
1, m − 2r < n <m − r,
0, nm − 2r,
T−2(n) = 2
{
(a1,a2) ∈ A2: n − 2m = a1 − a2
}
+ {(a1,a2) ∈ A2: n −m + r = a1 − a2, a2 <m}
+ {(a1,a2) ∈ A2: n − 3m = −a1 − a2}
+ {(a1,a2) ∈ A2: n − 2m + r = −a1 − a2, a2 <m}
 2
{
(a1,a2) ∈ A2: n − 2m ≡ a1 − a2
(
mod l2 + l + 1), n >m − r}
+ {(a1,a2) ∈ A2: n −m + r = a1 − a2, a2 <m, n <m − r}
+ {(a1,a2) ∈ A2: n − 2m + r ≡ −a1 − a2 (mod l2 + l + 1)}

{
3, n <m − r,
4, n >m − r,
Tk(n) 3
{
(a1,a2) ∈ A2: n + km ≡ a1 − a2
(
mod l2 + l + 1)}
+ {(a1,a2) ∈ A2: n + km +m ≡ a1 + a2 (mod l2 + l + 1)}
+ {(a1,a2) ∈ A2: n + km −m ≡ −a1 − a2 (mod l2 + l + 1)}
 7, k = −1,0,
T1(n) = 2
{
(a1,a2) ∈ A2: n +m = a1 − a2
}
+ {(a1,a2) ∈ A2: n − r = a1 − a2, a1 <m}
+ {(a1,a2) ∈ A2: n + 2m = a1 + a2}
+ {(a1,a2) ∈ A2: n +m − r = a1 + a2, a1 <m}
 2
{
(a1,a2) ∈ A2: n +m ≡ a1 − a2
(
mod l2 + l + 1), n < r}
+ {(a1,a2) ∈ A2: n − r = a1 − a2, a1 <m, n > r}
+ {(a1,a2) ∈ A2: n + 2m ≡ a1 + a2 (mod l2 + l + 1)}

{
4, n < r,3, n > r,
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{
(a1,a2) ∈ A2: n +m − r = a1 − a2, a1 <m
}




3, n < r,
1, r < n < 2r,
0, n 2r.



















m < l2 + l + 1 < 5
4
m.
When m 1125, by calculation we can ﬁnd a prime power l satisfying the above inequality except for
32m  45, m = 58, 92m  106, 134m  146, 184m  218, 382m  442 and 994m 
1125. By Lemma 1 and Lemma 4 we have completed the proof of Theorem 2 except for the above
cases.




Ak = {−an: n = 1,2, . . . ,k} ∪ {an: n = 0,1, . . . ,k}.
It clear that δAk (0) = σAk (0) 1 for all 0 k 36.
For 32m 58 we have 1 δA11 (n) = σA11 (n) 21 for any n ∈ Zm , except for n = 0.
For 92m 106 we have 1 δA16 (n) = σA16 (n) 18 for any n ∈ Zm , except for n = 0.
For 134m 146 we have 1 δA20 (n) = σA20 (n) 20 for any n ∈ Zm , except for n = 0.
For 184m 218 we have 1 δA25 (n) = σA25 (n) 22 for any n ∈ Zm , except for n = 0.






Bk = {−bn: n = 1,2, . . . ,k} ∪ {bn: n = 0,1, . . . ,k}.
726 Y.-G. Chen, T. Sun / Journal of Number Theory 130 (2010) 716–726It clear that δBk (0) = σBk (0) 1 for all 0 k 61.
For 994m 1045 we have 1 δB58 (n) = σB58 (n) 24 for any n ∈ Zm , except for n = 0.
For 1046m 1125 except for m = 1096,1108,1120, we have 1 δB60 (n) = σB60 (n) 24 for any
n ∈ Zm , except for n = 0. For m = 1096,1108,1120, we have 1 δB61 (n) = σB61 (n) 24 for any n ∈ Zm ,
except for n = 0.
This complete the proof of Theorem 2. 
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